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ABSTRACT 

Let Im and In be defining ideals of toric varieties such that Im is a projection of 
In, i-e. In ^ Im- We give necessary and sufficient conditions for the equality Im = 
rad{lN + (/i; • • • , /s))) where fi, ■ ■ ■ , fs belong to Im- Also a method for finding toric 
varieties which are set-theoretic complete intersection is given. Finally we apply our method 
in the computation of the arithmetical rank of certain toric varieties and provide the defining 
equations of the above toric varieties. 



1 Introduction 

One of the classical problems of Algebraic Geometry with a long history, see ^ Chapter 
15, is to determine the minimal number of equations needed to define set-theoretically an 
algebraic variety over an algebraically closed field. Even more difficult is to provide minimal 
sets of equations that define the algebraic variety. The problem is open even for very simple 
cases, like the Macaulay curve (t^, t^n, tu^, li^) in the three dimensional projective space. 
This article addresses these two problems for toric varieties and in several cases we are able 
to compute the minimal number, but also provide the equations that define the variety 
set-theoretically. 

Let M = {ttij) be an m X n matrix with integer entries Ojj, such that every column has 
atleast one non-zero entry. Let -ftT be a field and let A = {ai, . . . , a„} be the set of vectors 
in where = (oi^j, . . . , am,i) for 1 < i < n. The toric ideal Im associated with M is 
the kernel of the -fC-algebra homomorphism 

(j) : K[xi, ... ,Xn\ ^ K[tl, . . . ,tjn,t{^, . . . ,t^^] 

given by 

(j){xi) = t*** := ti^'^ ■ - - tnT'* for all i = 1, . . . , n. 

The ideal Im is prime and therefore rad{lM) = Im- A difference of two monomials is 
called a binomial. Every vector u in can be written uniquely as u = u+ — u_, where 
U-i- = (u+^i, . . . , u+,n) and u_ = . . . , are non-negative and have disjoint support. 



If is an m X n matrix with rational entries and columns {di, . . . , d„}, then the kernel of 
D is 

ker{D) = {u = {ui, . . . ,n„) G(5"|'Uidi H h u„d„ = 0}. 

Set ker^{D) = ker{D) n Z^. The height M^Im) of Im equals the rank of the lattice 
ker^{M) (see [12]). 

Lemma 1.1 (]T^) The toric ideal Im is generated by the binomials x"+ — x"-, where u 
belongs to ker^{M). 

We grade the polynomial ring K[xi^ . . . , Xn] by setting degA{xi) = aj for i = 1, . . . , n. 
We define the A- degree of the monomial x" to be 

de5(A(x") := uiai H h n„a„ € IN{A), 

where ]N{A) is the semigroup generated by A. Every toric ideal Im is A-homogeneous, since 
it is generated by binomials and every binomial x"+ — x"- is yl- homogeneous. 

The toric variety Xm associated with M is the set V{Im) C K"^ of zeroes of Im in the 
sense of ^2j, which also includes non-normal varieties. The toric set T{M) determined by 

M is the subset of defined parametrically by Xi = t°^'^ ■ ■ ■ t'^''' for all i, i.e. it is the set 
of points that can be expressed in the form 

[l^l • • • Im 5 • • • ) • • • Im ) • • • ) ti ' ' 'T^m ' ) 

for some tj in K. Note that T[M) is a subset of Xm- When m = 1 and ai^i < ai^2 < • • • < 
ai^n are positive integers, the g.c.d. of which equals 1, then T{M) is known as a monomial 
curve and Im as the ideal of the monomial curve. 

We associate to the toric variety Xm the rational polyhedral cone a = posq{A) := 
dia.i\di G Q and di > 0}. The dimension of a is equal to the dimension of the vector 
spaceQA = {J27=i di3Li\di £Q} and also is equal to the dimension of Xm- 

In this paper we consider the following two problems related to the toric ideal Im- 

(I) Given a toric ideal In, such that In C Im, and a set of binomials {fi, . . . , fs} in Im, 
formulate a criterion for deciding the equality Im = rad{lN + (fi, - - - , fs))- 

(II) Find the smallest number of polynomials needed to generate Im up to radical. This 
problem is more general from the corresponding problem in Algebraic Geometry of the 
determination of the minimum number of equations needed to define a toric variety Xm 
set-theoretically, over an algebraically closed field. This number is called arithmetical rank 
of Xm and will be denoted by ara{XM)- The Generalized Krull's principal ideal theorem 
provides a lower bound for the arithmetical rank of Xm, namely the height of Im- When 
ht{lM) = ara{XM) the ideal Im (and the variety Xm as well) is called a set-theoretic com- 
plete intersection. 

The problem (I) was studied by Eliahou-Villarreal in '7] in the special case that In = (0). 
There they give a nessessary and sufficient condition for the equality rad{fi, . . . , fs) = Im- 
More precisely they prove that: 
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Theorem 1.2 f^. ll^ ) Let {fi, . . . , fg} be a set of binomials in the toric ideal Im- Set 
J = (/i, . . . , fs) and G =< fi, . . . , fs >C ker^{M), where for a binomial / = x" — x"^ G 
K[xi, . . . ,Xn] we let f = u — V & . If char (k) = p ^ (resp. char{k) = 0), then 
rad{J) = Im if cmd only if: 

(a) p^ker^{M) C G for some k ^ IN (resp. ker^{M) = G), 

(b) rad{J, Xi) = rad{lM, Xi), for all i = 1, . . . ,n. 

We generalize (see Theorem 4.4) this resuh in terms of projections of ideals. Our criterion 
can be used also to determine different binomial generators for the radical of the ideal of 
a toric variety (see example 4.6). However in the case that we can make a good choice of 
a projection I]\[, minimal binomial generators up to radical for the ideal Im of the toric 
variety are derived. 

Basic ingredient of our approach is the notion of projections of toric ideals. This notion, 
although it was never before explicitly defined, has been used for the first time by J. Herzog 
in [S] to prove that the ideal of the monomial curve (t"^ , i"^ , t""^ ) is set-theoretic complete 
intersection. In the same notion has been used to prove that, when char{K) = 0, 
smooth monomial curves are not binomial set-theoretic complete intersections, except for 
the twisted cubic. Finally in ^1] A. Thoma used this notion to deduce that certain ideals 
of monomial curves (t"^, . . . ,i"") are set-theoretic complete intersections. The techniques 
developed there can not always be applied, for example the ideal of the monomial curve 
(t^, t^, t^^, i^^) was generally unknown whether or not it is a set-theoretic complete intersec- 
tion. Our method begins with a toric ideal which is set-theoretic complete intersection and 
it produces a large number of toric ideals which are set-theoretic complete intersections. 
This method also provides the defining equations of the toric variety. 

In section 2 we introduce the basic notion of this paper, the notion of projection of toric 
ideals, and present its connection with the geometric notion of projection of cones. 
In section 3 we give necessary and sufficient conditions for the equality rad[I]\j+{fi, . . . , fg)) = 
Im-: where Im is a projection of In and fi, ■ ■ ■ , fs belong to Im- 

In section 4 we study the previous equality in the special case that fi, - - - , fs are binomials. 
In section 5 we develop a method for finding toric ideals which are set-theoretic complete 
intersections. 

In section 6 we apply the theory developed in section 5 in the computation of the exact 
value of the arithmetical rank of certain toric ideals. Among other results, we prove that 
the ideal of the monomial curve (t^, i^, i", t^) is set-theoretic complete intersection, so for 
a = 11, b = 13 the ideal of the monomial curve (t^, t^, t^^, t^^) is set-theoretic complete 
intersection. 

2 Projections of toric ideals 

We consider the toric ideals Im, In associated with the m x n matrix M = (oij) and 
I X n matrix N = (bij) respectively. Let A = {ai,...,a„}, B = {bi,...,b„}, where 
aj = (ai,i, . . . , am,i) and bj = (^i,,, . . . , bi^i) for 1 < i < n. 

Definition 2.1 We say that Im is a projection of In if In ^ Im- 
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Let TT -.(^ -^(^ be a rational afHne map with tt{posq{B)) = posq{A). We call 

TT := ^poS(j^{B) ■■ POSq{B) posq{A) 

a projection of cones. 

The next Theorem makes the connection between the algebraic notion of projection of 
toric ideals and the geometric notion of projections of cones. 

Theorem 2.2 The following are equivalent: 

(a) Im is a projection of In- 

(b) The lattice ker^{N) is a subset of the lattice ker^{M). 

(c) Every B-homogeneous ideal in K[xi, . . . is also A-homogeneous. 

(d) There is a projection of cones n : posq{B) —>■ posq{A) given by 7r(bj) = for all 
i = 1, . . . ,n. 

(e) There is an m x I matrix D with rational entries such that DN = M. 

Proof, (a) ^ (b) Let u = u+ — u_ be an clement of ker^(N). Then the binomial x"+ — x"~ 
belongs to Ijv which, from the assumption, is a subset of Im- Consequently u is in ker^{M). 

(b) =^ (c) Let / C K[xi, . . .Xn] be a B-homogeneous ideal and x", x"*' two monomials of 
a i?-homogeneous generator / of /. Where u = and v = {vi, . . . ,Vn)- Set 
5f = x" — x"^. We have 

«lbi H h Unhn = f ibi H h Vnhn, 

which implies that g belongs to the lattice ker^{N). As ker^{N) C ker^{M), we obtain 
that the vector g belongs to ker^(M) and so 

Uiai H 1- UnSLn = ViSLi H 1- VnSin- 

Hence I is ^-homogeneous. 

(c) (d) It is enough to consider the case dim{posQ{B)) = I. Let {bjj, . . . , bjj be a base 
for the (^-vector space ^ and define tt : ^ Q"^ by ^(bj.) = a^. for alH = 1, . . . , Z. Set 
TT = ^lpos^(B)- Obviously 7r(bj-.) = a.j. for every i = l,...,l. Let b^-. = Ei=i Afcbj,, G 
Posq{B) for some Xk & Q and i G {I + 1,... ,n}. Clear the denominators to obtain an 
equality vhj^ = J2\;=i Cfebj/., where u and ^i, ■ ■ ■ are integers. Suppose that u is positive, 
the case < is essentially the same. The ideal / = (x^~ - - ■ x-"^x^- — x\"'^ ■ ■ ■ x-'^') is 
i?-homogeneous and therefore ^-homogeneous. Thus z^a^- = X]fc=i ^fc^-j/, j which leads to 
^3^ = ELi ^k^3k- Hence 7r(bj,) = a^-,, for every i G {1, . . . , n}. 

(d) ^ (e) The matrix D is the matrix of ^ in the canonical bases oi(^ and(5"*. 

(e) =^ (b) Let u = (ui,...,u„) be an element of ker^{N). Then D{Nu^) = O"^, and 
therefore Mu^ = 0^ . So ker^{N) C ker^{M). 

(b) =^ (a) Let / = x"+ — x"" be a binomial generator of Ijy, where / belongs to ker^(N). 
As ker^{N) C ker^{M), we take that / is in ker^{M). Hence / belongs to Im- ^ 
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Corollary 2.3 If Im is a projection of In, then ht{lN) < ht{lM)- 

Proof.We have ker^{N) C ker^{M) and therefore rank{ker ^{N)) < rank{ker 2^{M)) , 
by Theorem 2.2. Thus ht{lN) = rank{ker^{N)) < rank{ker ^{M)) = ht{lM)- 

3 Set-Theoretic Generation 

Let Im, In be toric ideals such that Im is a projeetion of Ijy. Where M is an m x n 
integer matrix and N = {bij) is an I x n matrix with non-negative integer entries. Set 
B = {bi, . . . , bn}, where hi = . . . , bi^i) for i = 1, . . . , n. Note that if posq{B) is 

strongly convex, i.e. is the only invertible element of 1N(B), then we can choose an 
appropriate matrix with non-negative integer entries. The toric ideal In is the kernel of 
the iT-algebra homomorphism 

(f) : K[xi, . . . ,x„] -> K[ti, ...,ti] 

given by 

(j){xi) = t^^ for all i = 1, . . . ,n. 
We shall denote by {(f){lM)T the ideal (f){lM)K[ti, •••,*/]• 

Theorem 3.1 Assume that T{N) = V{In) in . Let {/i, . . . ,/s} he a set of polynomials 
in Im and let J = (/i, . . . , fg). Then 

Im = rad{lN + J) 

if and only if 

radmiMW) = rad{ct>ifi), </.(/,)). 
Proof.Let us first assume that 

radmiMW) = rad{cl>{f,), </.(/,)). 

We claim that 

Im = rad{lN + J) ■ 

By Hilbert's Nullstellensatz it is enough to prove that any point x = (xi, . . . , Xn) of V{In, J) 
in K'^ belongs to V{Im)- This x belongs also to V{In) = ^{N). The last statement 
means that there exist Ti ^ K for 1 < i < I such that Xi = Note that /(x) = 

(f){f){Ti, . . . ,Ti) for every / G K[xi, . . . , Xn], since x is of the above form. In addition the 
point (Ti, . . . , Ti) belongs to ^(^(/i), . . . , </>(/.)) = ^((^(/m))"), because /i(x) = for every 
i G {1, . . . , s}. Let / be a polynomial in Im- Then 0(/) belongs to {^{Im)Y and therefore 
(f){f){Ti, . . . ,Ti) = 0. Thus /(x) = 0, which implies the demanded relation. Conversely 
assume that Im = rad{lN + J)- We will prove that 

radmiM)r) = radmiNW + (Hfi), ■ ■ <Pifs))). 

It is enough to prove it for a generator / = ^(y) of {4>{lM)y, where g € Im- We have g'' = 
hi +h2 for some k e IN, where hi G In and /12 € J- Therefore f^ = (f>{g^) = <t>{hi) +(j){h2), 
which means that / belongs to rad{{4>{lN)y + {(f>{fi), - - - )0(/s)))- But In = ker{(f)), so 
radmiM)r) = radicPifi), 
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Remark 3.2 Every toric variety can alway s b e expressed as an appropriate toric set over 
an algebraically closed field, for details see ^Uj. The proof of this fact is constructive and 
also an algorithm is given there to find this toric set. Therefore, in any case, the condition 
r(A'^) = V{Im) in K"" can be achieved, by choosing an appropriate matrix for any toric 
ideal. 

Remark 3.3 We can not omit from the assumptions of Theorem 3.1 the fact that V{Ii\i) 
coincides with the toric set r(A^). Let In be the toric ideal associated with the matrix 

/2 1 1 2\ 
iV= l 2 2 1 , 
\0 1 2 2 1/ 

and let Im the toric ideal associated with the matrix 

M=(' 3 2 1 1 2X 
^2 1 1 2 3 37 

Notice that Im is a projection of In and that the toric variety V{In) does not coincide with 
r(A^)(see [in])- The toric ideal Im C K[xi, . . . ,xe] is minimally generated by the following 
12 binomials : X1 — X2X3X4, — 2:1X2, xl — xsxg, Xg — X3X4X5, X3X5 — X2X4, X3X5 — x^xg, X1X3 — 
X2X4, X3X4 — X2X6, X3X5 — xixe, xsxl— X1X5, X2X5 — X3Xe, X1X4 — X3X6. Let (p '■ K[xi, . . . , xg] 
K[ti,t2,t3] be the X-algebra homomorphism with In = ker((p). The ideal {(j){lM)Y is 
minimally generated by the binomials : tit2 ~*i*2*3) *2*3 ~*i*2) *2*3 ~*i*3! ^1*3 ~*i*2^3) ^2*3 ~ 
tltlh.htitl - tft2t3,44 - tit2tl. Therefore rad{{(t){lM)Y) = rad(t^t| - t\tl,tltl - t\tl), 
since a power of the other generators of {4){Im)Y belongs to the ideal (^2^3 — ^1^2)^2*3 ~ 
t\t\). Observe that t^*! — ^1*2 = '/'(^s ~ 2:1X2) and tf*! ~ ^1^3 = 4>{x\ — xsxg). But 
Im 7^ rad{lN + (a^i — xiX2,X4 — xsxg)), since In does not have any monic binomial in the 
variable xg and therefore no power of the binomial Xg — X3X4X5 G Im belongs to the ideal 

2\ 

1 

1 • 



2; 

Then T[D) = V{In), a proof of this fact can be found in ^0]. Let ■0 : i^[xi, . . . ,xg] — > 
K[ti, . . . , tg] be the K-algebra homomorphism with Ker{ip) = Ijj = In- We have rad{{tp{lM)Y) 7^ 
rad{ip{xl — xiX2),^{x^ — xsxg)), since no power of tp{xQ — X3X4X5) belongs to the ideal 

(■0(x| - XlX2),tp{xl - XsXg)). 

Definition 3.4 The toric ideal Im is called set-theoretic complete intersection on In if 
there are polynomials /i, • • • , /s in Im, where s is equal to the difference of the heights of 
Im and In, satisfying Im = rad{lN + (/i, . . . , fs)). 



In + {x1 - X1X2, x| - xsXg). Let 

/2 1 1 

12 2 10 

12 2 

2 2 10 

12 2 1 

Vl 1 2 
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The next Corollary is directly derived from Theorem 3.1. 

Corollary 3.5 Keep the assumptions of Theorem 3.1. The toric ideal Im is set-theoretic 
complete intersection on Ijy if and only if the radical of the ideal {(P{Im)Y is equal to 
the radical of an ideal generated by ht{lM) — ht{I]\f) elements of the form (j){f), where 
f £ Im- Moreover, if In is set-theoretic complete intersection and Im is set-theoretic 
complete intersection on In then Im is set-theoretic complete intersection. 

4 Binomial generation 

In this section we will give an equivalent condition for the equality Im = rad{lM + 
(/i, . . . , fs)) when /i, . . . , are binomials in Im. 

We consider the toric ideals Im and In, where M is an m x n integer matrix and 
= (6jj) is an / X n integer matrix with non-negative entries. Assume that Im is a 

projection of In and let B = {bi, . . . , b„}, where bj = . . . , hi^j) for i = 1, . . . , n. The 

toric ideal In is the kernel of the iC-algebra homomorphism 

(f) : K[xi, ...,Xn]^ K[ti, ...,ti] 

defined by 

(j){xi) = t'^' for alH = 1, . . . , n. 

Given a lattice L <Z 2^ the ideal 

II ■■= ({t"+ - |z = z+ - z_ G L}) C K[tu ...,ti] 

is called lattice ideal. The height of II equals the rank of the lattice L (see ^ ) . For a prime 
number p we denote by L : the lattice 

{u G ^\p^u G L for some k e IN}. 

Let = {yu := uibi + • • • + n„b„ju = (ui, . . . , Un) G Z^} be the lattice spanned by B 
and let 

N{ker^{M)) = {y^ = uibi + ■ • • + ii„b„|u = (m, . . . ,m„) G ker^{M)} C ZB. 
Note that if ker^{M) =< ui, . . . , >, then N{ker^{M)) =< y^i , Yur >• 
Lemma 4.1 The lattice ideal lN{ker^(M)) coincides with the ideal {(j){lM)Y '■ {ti- ■ -4;)°°. 

Proof.Let / = x"^ • • • xj^" — x^^ • • • x^" be a binomial in Im, where / = {ui — vi, . . . ,Un — 
v„) G ker^{M). Then ,j){f) = t""^^' . . . t«„b„ _ ^i,ibi . . . ^«„b„^ g^^ ^ ^ ^^^bi + • • • + ii„b„ - 

(y^)+ = vihi H h Vnhn - (yf)- and observe that z G We have </)(/) = t'{t'^^f^^ - 
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t''f'-) and therefore (0(/a/))^ C iN(ker^M)) ^ {^{Im)Y ■ {h-'-Ur. Clearly (HIm))' : 
{ti---tir ^ lN(ker^{M)) ■ {h ■ ■ ■ ti)°- C ((^(/m)^ : {h ' ' ' : (ti-'-^/r. But 

lN(ker^{M)) = lN(ker^{M)) ■ {h ' ' ' ti)°° (see 0) and (0(/m))'' : {ti---ti)°° = {{(t){lM)T ■■ 

(tl • • • ti)^) : (ti • • • t/)-. Thus /7V(fcer^{M)) = (^Um))" : (^1 ' ' ' ^0°°- 

Proposition 4.2 Zei G be a sublattice of N{ker^{M)). If char{K) = p ^ (resp. 
char{K) = Oj, then the following two conditions are equivalent: 

(a) rad{I^^ker^{M))) = radilc), 

(b) p^N{ker^{M)) C G for some k & IN (resp. N{ker^{M)) = G). 

Proof.Suppose first that rad(/7v(A;er^(A/))) = fo-d^c)- By 4 Corollary 2.2 it follows 
that in characteristic zero lN{ker^(M)) = and so N{ker^{M)) = G, since a binomial 

/ = t" — t"^ lies in a lattice ideal II if and only if / belongs to L. Also in characteristic 
p 7^ it holds I N (ker i^{M)):p°° = -^G:p°° and so N{ker ^(M)) : = G : p°° . Note that in |^ 

the lattice L : is denoted by Satp{L). Suppose that N{ker^{M)) =< y^, . . . ,yu^ >. 
We have N{ker^{M)) C N{ker^{M)) : = G : Hence for every i = l,...,r 

there exist ki ^ IN such that p^'yui £ G. By choosing k the maximum of all ki we take 
p^N{ker^{M)) C G. Conversely it is clear that in characteristic zero lN{ker^{M)) = 
and therefore rad{Ij^(^kf,r ^[m))) = ^o^d^Ic)- We restrict now our attention in the case 
char(K) = p ^ 0. It is enough to show that N{ker ^{M)) : = G : p°° . Obviously 
G : C N{ker^{M)) : p°°. Let u G N{ker^{M)) : Then there exist d e W such 
that p'^xi is in N{ker^{M)), so from the hypothesis p'^+'^u belongs to G. Thus u G G : 
and therefore rad{I]\!(^f:f,r ^(^m))) = rad{lG)- *0 

Remark 4.3 From the proof of the above proposition we can see that in characteristic 
p 7^ condition (b) is equivalent with the condition N{ker ^(M)) : p°° = G : p°° . 

Theorem 4.4 Assume that T{N) = V{In) in . Let {/i, . . . he a set of binomials 
m Im- Set J = (/i, ...,/,) and G =< y^^, . . . ,y^^ >C N{ker^{M)). If char (K) =p^0 

(resp. char(K) = 0), then Im = rad{lN + J) if and only if: 

(a) p''N{ker^{M)) C G for some k £ IN (resp. N{ker^(M)) = G), 

(b) radmiM)r,ti) = rad(0(/i), . . . , t,) for all i = 1, . . . J. 

Proof.Suppose that Im = rad{Iiy+J), then from Theorem 3.1 rad{{4>{lM)Y) = fad{(j){fi), . . . , (p{fs)). 
Clearly 

radmhiW, U) = rad{(t>{fi), Hfs),ti) 

for all i = l,...,l. In addition radi{(pilM)T) ■ {h ■ ■ ■ = rad{(l){fi), (f){fs)) : 
(*!••• iz)°° and therefore 

radmiM)r -ih--- tiD = radmh), cpifs)) : (h ■ ■ ■ UD. 
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So, from Lemma 4.1, we obtain the equality rad{I]\i(i.er ^(m))) = I'^Ld^Ic)- Now Proposi- 
tion 4.2 assures that in characteristic zero N{ker^{M)) = G, and in positive characteristic 
p^N{ker^{M)) C G for some k ^ IN. Conversely suppose that (a) and (b) hold. By Propo- 
sition 4.2 rad{I]\f(^kf,r^(M))) = fo.d{lG)-, which implies that rad{{4){lM)Y '■ {ti---ti)°°) = 

rad{(4>{fi), . . . , (pifs)) '■ {ti ■ ■ ■ ti)'^)- If / is any ideal of K[ti, . . . ,ti], then by Lemma 3.2 in 
the radical of / satisfies 

rad{I) = rad{I : {h ■ ■ ■ U)"') fl rad{I, h) n ■ ■ ■ (1 rad{I, U). 

Applying this formula to {(j){lM)T '^^ obtain that 

radmiM)r)=radi<l>{fi),...,<j)ifs)). 

Hence Im = rad{lN + J). ^ 

Remark 4.5 In the special case that /^v = (0) we take Theorem 2.5 in [7j. 

Example 4.6 In "E S. Eliahou studied the binomial generation of the radical of the ideal 
of a monomial curve. Our theory will provide different binomial generators arising from 
different projections. For example, let a > 7 be an odd integer and let Ma = (4, 6, a, a + 2). 
The toric ideal is a projection of the toric ideal I^a associated with the matrix 



Da 



a-2 a-4 2 
2 a-4 a-2 



Note that Id^ = radix^ ^ - x'J' ^xl, x% - x\x\ , x^x^ - 0:2X3). Set /i = - x\, f2 = 
xl - xixl and G =< (a + 2, -4) >. We have l^(((/>(lAf J)^ ti) n = F(0(/i), (/.(/s), ti) n 
K'^ = {0}, since (/>(/i) = t("~2){a+2) _^4(a-2) therefore ti = if and only if t2 = 0. Thus 
rad{{(j){lMa)y,U) = rad{cl){fi),(j){f2),ti) for i = 1,2. Let u = (u,i,...,U4) G ker^{Ma). 
Then yu = {ui + + + U4^){a + 2, —4) and therefore Da{ker ^{Ma)) = G. Now Theorem 
4.4 assures that Ia/^ = rad{x2~'^ — x1~'^x\, ^3"^ — xf j;^"^, X1X4 — ^2X3, x^"*"^ — X4, xf — X1X3). 

g + l 

But also is a projection of the toric ideal I^v^j = (x^ ^ — X3X4, xf — Xg) associated with 
the matrix 

2 3 a+1 



Na 



2 3 a+1 



Let ij) : i^[xi, . . . ,X4] -fC[ti,t2] be the X-algebra homomorphism with Ijsi^ = ker{'ip). Set 
g\ = X3^^ — X4, §2 = X1X4 — X2X3 and H =< (a + 2, —a) >. Using the same arguments as 
before we take rad{{ijj{lMa)y lU) = rad{ip{gi),-4'{g2),ti) for i = 1,2. If u = {ui, . . . ,U4) G 
ker^{Ma), then yu = (2ui+3ti2 + ^n3 + ^U4)(a+2, -a) and therefore A'a(A;er^(Ma)) = 

g + l 

H. Consequently = rad{xi ^ — X3X4, xf — x^, Xg"*"^ — xf, X1X4 — X2X3). 
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5 Set-theoretic complete intersection 

Let In C K[xi, . . . ,Xn] be a toric ideal of height ri > 1 associated with an I x n integer 
matrix N with non-negative entries. Let B be the set of columns of N. Suppose that 
r(iV) = V{In) in iC". 

We consider a lattice L = ker^{D) in where D is an m x / rational matrix such that 
the matrix M = DN has integer entries. The last statement means that Im is a projection 
of In- Let r2 be the height of Im and 4> '■ K[xi, ■ ■ ■ ,Xn] K[ti,...,ti] the K-algebra 
homomorphism with In = ker{(j)). 

Lemma 5.1 The dimension of theQ-vector space ker{D)r\QB equals the difference r-2 — ri. 

Proof.Let {ui, . . . , u^^} be a basis of ker{N) and {ui, . . . , u^^, u^^+i, . . . , u^j} a basis of 
ker{M). For the sake of simplicity the symbol yj will represent yu^. We will show that 

keriD)nQB=Q{yr,+i,...,yr,}. 

Obviously (^{yri+i, • • • ,yr2} ^ ker{D) nQB. Let v G ker{D) (IQB, then v = y^ for some 
vector z G Q'^. The vector z belongs to ker{M), since M = DN. Thus z = J2iLii^i'^i 
for some rationals Ki, . . . , Hr^- Consequently v = J2iLr-^+i i^iyi ^ Q{yri+i, ■ ■ ■ TYr^}- It 
remains to show that the set {yj-^+i, . . . ,yr2} is linearly independent. Every relation of the 
form '^iyi — implies that the vector J2^tri+i '^i'^i belongs to ker{N), so there 

exist some Aj such that Y^iLn+i '^i'^i = J2lLiK^i- But the set {ui,...,Ur2} is linearly 
independent, so all the ki are equal to zero. (} 

Remark 5.2 The rank of the lattice L n ZB is equal to the dimension of ker{D) nQB. 
Also L n ZB coincides with the lattice N{ker^{M)), so 

ht{lN{ker^{M))) = ^2 - n- 

Theorem 5.3 Set s = r-2—ri. If there are polynomials fi, . . . , fg in Im such that rad{lN(ker^M 
rad{(f){fi), . . . ,(f){fs)), then Im is set-theoretic complete intersection on In- 

Proof. We have that rad{((p{lM)T) ^ fo,d{lN[keri^{M)))- From the assumption 

rad{lN(ker^{M))) = rad{(t){fi), 

so rad{{(p{lM)T) = rad{(p{fi), 4>{fs)) and therefore Im = rad{lN + (/i, . . . , /s))-0 
Combining Corollary 3.5 and Theorem 5.3 we get the following Corollary. 

Corollary 5.4 Sets = r2— ri. If In is set-theoretic complete intersection and rad{lN{ker ^M))) 

rad{(f){fi), . . . , (f){fs)) for some polynomials fi, . . . , fs in Im, then Im is set-theoretic com- 
plete intersection. 
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Example 5.5 In this example we will use the previous results to prove that the toric ideal 
Im of height 4 associated with the matrix 

/7 5 4 5 2\ 
M= 0703100 
VO 7 4 3/ 

is set-theoretic complete intersection. Let In = (x^ — xiX4,Xj — x^Xq) C K[xi, . . . ,xr] be 
the toric ideal of height 2 associated to the matrix 



/3 











1 





o\ 





3 























5 











1 











3 


1 








VO 














5 


2/ 



Note that Im is a projection of In- Suppose that (j) ■ K[xi, ■ ■ ■ , xj] — > K[ti, . . . jt^] is the 
/C-algebra homomorphism with /jy = ker[(j)). The set of vectors 

{(1,0,0, 1,-3,0,0), (0,0, 1,0,0,2, -5)} 

constitutes a base for ker^(N) and the set 

{(1,0, 0,1, -3, 0,0), (0,0, 1,0, 0,2, -5), (1,0, 0,0, 0,-3, 4), (0,-1, 0,4, -5, 0,0)} 

constitutes a base for ker^{M). Thus 

N{ker^{M)) =< (3, 0, 4, 0, -7), (-5, -3, 0, 7, 0) > 

and therefore lN{ker^{M)) = (*! ~ ^i^sj^I ~ ^i^D- fi = — ^xiX2x\x1 + 3x^X2X4X5 — 
xfxf G Im and /2 = Xg — 5x1X5X7 + 10x^x3X5X7- lOxfxIxgXy + SxfxIxeXy-xfxl G Im- We 
have {tl-t\tlf = m) and {tl-tl4f = (t>{h)- So rad{lN(^ker ^(M))) = rad{4>{h)A{f2)). 
which implies that Im is the set-theoretic complete intersection of 



We will compute the ideal lN{ker^{M)) special case that 5 = 1. Let 



N 





b2 








di,2 



V 



k d 



i.i 



dri,2 
dr, .1 ' 



where bi,...,bi are positive integers and dij are non-negative integers such that, for all 
i = 1, . . . , ri, at least one of dn, . . . ,di i is non zero. From Corollary 2 in OIII we have 
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r(A^) = V{Ii\f) in iT". The symbol \N\ will represent the greatest common divisor of the 
subdeterminants of N of order /. Set L =< a > and w = jf^^^r^i where (A^a"^) is the 

augmented matrix. Given a vector n in ^ , the binomial t"+ — t"~ will be denoted by 
F(u). 

Theorem 5.6 The lattice ideal lN{ker ^(M)) equal to the ideal generated by F{wa). 

Moreover, if /^v is set-theoretic complete intersection and there exists g G Im such that 
rad{(p{g)) = rad(F{wa)), then Im is set-theoretic complete intersection. 

Proof. We have L n ZB =< wa >, since every system of the form yu = ca has a solution if 
and only if c is an integer multiple of w (PP, Theorem l).Thus N{ker^{M)) =< wa > and 



therefore /, 



intersection. () 



N(ker^M)) 



{F{wa)). Also, from Corollary 5.4, Im is set-theoretic complete 



Remark 5.7 In the example 4.6 the choice of f2 = x\ — X1X3 (resp. 52 = xiX/^ — X2X3) was 
made by solving the system yu = (o + 2, —4) (resp. yu = (a + 2, —a)). 



6 Applications 

In this section we will present some applications of the theory developed in section 5. 

We consider the toric ideal of height d—1 associated with the (m + 1) x (m + d) integer 
matrix 

( d d-l d-2 ... 1 ... \ 






V 



1 






2 






where d > 1. The toric ideal In^ C -fC[xi, 



d-l 




d 






d 














d ) 



is set-theoretic complete intersection, 



for details see jl4j . Theorem 6.1 will generalize this result. Let ci be a positive integer, 
C2, . . . , Cm+i be non-negative integers with ci > dc2 and let L = ker^[D) for 



Cl 



D 



/ ^ 



c-i—dc2 
d 

C3 





d 







V Cm+i 



Set g = gcd(ci, Cl — dc2,dcs, . . . , dcm+i) and let ci* 



^ for i = 
g 

L =<a>. 



, m + 1. Let a = ((ci — dc2 



|, (ci - dc2r = and {day = 

-Cl*, (dcs)* , . . . , {dcm+i)*)- Observe that 



12 



Theorem 6.1 The toric ideal of height d associated with the m x {m + d) matrix 



M, 



I Cl Cl - C2 Cl - 2C2 ... Cl - dC2 

C3 2C3 ... dcz 



Cl 5...,C7T(,-|-1 5I 





Cl 



V 

«s set-theoretic complete intersection. 



2c, 



•m+l 



dc, 



•m+l 



\ 


cj 



Proof. Without loss of generality we can assume that the greatest common divisor of the 
elements of -Mci,...,c„_,_j,(i is equal to 1. Let (f) : K[xi, . . . ,Xm+d\ ~^ K\ti, . . . ,tm^i\ be 
the X-algebra homomorphism with /jv^ = ker{(j)). Note that Im^^ ^ +1 d ^ projec- 
tion of /jVd- For the integer g we have g/d, since g/c/cj for all i = 2,..., m+l and 
gcd(g, C2, . . . ,c„i+i) = 1. In this case lAT^I = d^, {Nda^) = ^ and w = g. Also 
F(^a) = - if -'^^^tf 3 . . . i^c^+i. We have (t^^ - t^^-'^^^tf « . . . i^--+i)<i = <^(/) for 



Cl — dC2 ™(<^— 1)C2 C3 



-^d+l -^d+m ^ 



™Cl-dC2™(rf-2)c2 2C3 JiCm+l 

■^d-l -^d+l •^d+2 -^d+m 



„Cl-(iC2™C2 ™(<^-l)c3 

^2 •'^d+l-'^ci+2 



((i-l)c,„+i /-iW ci-dc2„dc3 dcm+i 



d+2 



Notice that / belongs to Im^^ ^ ^^4- Consequently, from Theorem 5.6, the toric ideal 
Im a is set-theoretic complete intersection. <(> 

Next we prove that the toric ideal associated to the row matrix ^ = (a, a + 26, 2a + 
36, 2a + 56) is set-theoretic complete intersection. Especially, when a = 4, 6 = 1 we deduce 

that the ideal of the monomial curve (i^, t^, i^^, t^^) is set-theoretic complete intersection. 
We consider the toric ideal associated to the matrix 



N = 



5 14 
2 3 5 



The toric ideal /at C K\x\., ... ,0:4] is the set-theoretic complete intersection of x\ — x\x\ 
and x\ - 2x2x3x4 + xixi Let L = ker^{E) for E = (|, 2a±56). get h = gcd(a,2a + 56), 
a* = § and (2a + 56)* = Note that L =< a >, where a = (-(2a + 5b)*, a*). In 

addition Im^ b ^ projection of In- 

Theorem 6.2 For every positive integers a, b the ideal of the monomial curve 



is set-theoretic complete intersection. 
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Proof.Let (p : K[xi,X2,X3,X4] — > K[ti,t2] be the iC-algebra homomorphism with 1^ = 
ker{<j)). For the integer h we have h/o and h/56, so h/5 since gcd{h,b) = 1. Here 

\N\ = 5, (A^a^^) = I and w = h. Also F{wa) = tf''^^'' - q. When a = 1 the toric 

ideal associated to the matrix Mi^b is obviously set-theoretic complete intersection. Sup- 
pose that a > 1, which implies that a = 2/x + for some non-negative integers We 
have (if - = (/>(/), where / = - 5xf + 10x1^^^''+^'' xl^ xf - 

Wx'^'^'^'' X2'^ xf^ + bx'^'^^x'^x'^x'l'^'^'^ — x\^~^^^ belongs to I Ma t- Therefore, from Theorem 5.6, 
the ideal of the curve ^"+2^^ ^2a+3fe^ ^2a+5fe-j get-theoretic complete intersection. 

Finally we prove that the toric ideal associated with the matrix Ma^b = (4, 6, a, b) is 
set-theoretic complete intersection. 

Theorem 6.3 For every positive integers a,b the ideal of the monomial curve {t^,t^,t°',t'') 
is set-theoretic complete intersection. 

Proof.Suppose that b = a + k, where fc is a positive integer. If a or 6 is even, then the 
semigroup -CV(4, 6,a, 6) is symmetric by Proposition 2.1 in [S] and therefore lAi^t is set- 
theoretic complete intersection (see T). It remains to examine the case a is odd and k is 
even. When k > 4, the semigroup -CV(4, 6, a, b) is symmetric and the result is straightforward. 
Therefore we have to deal only with the case k = 2. Since a > 1, there is a non- negative 
integer ^ and a positive integer such that a = 2/x + Su. We consider the toric ideal I^a 
associated with the matrix Na of the example 4.6. In this example it was proved that 

Na{ker^{Ma,a+2)) =< (a + 2, -a) > and so /jv4fcer^(M„,,+2)) = i^i^^ " ^2)- Set 

and observe that / G lMa,a+2- We have (t""*"^ — t2)""^^ = il^{f) and therefore lMa,a+2 is the 

g + l 

set-theoretic complete intersection of f,x^^ — 2:3X4, xf — x^- <C> 

Remark 6.4 The last Theorem provides the polynomials that minimally generate up to 
radical the ideal of the Eliahou's curve {t'^,t^,t'^ ,t^), see also jE] for a proof that the above 
ideal is set-theoretic complete intersection. Also it provides a different minimal polynomial 
generating set, than the one obtained in Theorem 6.2, up to radical for the ideal of the 
monomial curve {t^ , t^ , t^^ , t^^) . 
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